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ABSTRACT 

In this article we use elements from the theory of several complex variables 

to establish dynamical properties of certain one-dimensional maps (e.g. 

decay of correlations, central limit theorems, etc.). 

Introduction 

In this article we shall consider various properties of certain maps f :  I ~ I 

of the interval. The types of dynamical behaviour we are interested in (e.g. 

exponential decay of correlations, central limit theorems, etc.) have been studied 

under a variety of different hypotheses. These properties are well-known to hold 

for uniformly expanding interval maps, and a natural problem is find weaker 

hypotheses under which they still hold true. 

We shall take as our main hypotheses that 

(0.1) 

/ 1 ~ I/n 
lim sup < 1 and 
n --  + ~ T -D-~  d x ) 

( l )1 /~  
lim sup sup < 1 
~--+~ \~eFix(y-)IDfT~(x)l 

* I am grateful to David Ruelle for introducing me to the Bochner theorem in 
September 1984 and for making a copy of his article [15] available to me prior 
to publication. I would also like to thank S. Krantz, E. Bedford and H. Weiss for 
advice on the complex analysis and G. Keller for comments on interval maps. 
The author currently holds a Royal Society University Research Fellowship. 
Received September 21, 1993 and in revised form February 6, 1994 

317 



318 M. P O L L I C O T T  Isr. J. Math. 

and we shall show that this leads very easily to dynamical results of this kind. 

Related work on exponential decay has been done by both G. Keller, T. Nowicki 

and L.-S. Young under different hypotheses. In [8], Keller and Nowicki assumed 

the "Collet-Eckmann" hypothesis on the critical point c for a unimodal map 

f :  I ~ I, i.e. 

(0.2) l iminf 1 log IDfn(fe)[ > O. 
n---*+~ Tt 

In [17], Young studied families of unimodal maps and using estimates originating 

in the work of Benedicks and Carleson showed that for some parameter values 

(in fact, a set of positive Lebesgue measure) the unimodal map has an invariant 

measure with exponential decay of correlations. 

Our approach is to work with the "resolvent" of the Perron-Frobenius operator. 

We follow the lead of Ruelle (in his treatment of zeta functions) by making use 

of the Bochner theorem for analytic functions of several variables. However, our 

application of this theorem requires a couple of new ingredients. Firstly, we need 

to consider m e r o m o r p h i c  functions (more specifically, a class of meromorphic 

functions which when multiplied by the zeta function become analytic). Secondly, 

we need to study B a n a c h  space va lued  func t ions  (for example, functions 

taking values in the space of L 1 functions). 

1. P re l imina r i e s  on complex  func t ions  

In this section we shall be concerned with a general result involving analytic and 

meromorphic functions from an open domain U C C N§ N > 1, to a complex 

Banach space B. 

Definitions: A function F: U -~ B is ana ly t i c  if for every point a = 

(ao,..., aN) E U the function F (z0 , . . . ,  ZN) can be represented in a sufficiently 

small neighbourhood of a by the uniformly convergent series 

F(zo,...,ZN)= ~ ... ~ bno...n~c(ZO--ao)n~ nN 
no=O nN=O 

where bno...nN E B. More generally, a function F: U ~ B is m e r o m o r p h i c  if for 

every point (a0 , . . . ,  aN) E U there exists a neighbourhood V _C U of (a0 , . . . ,  aN) 
and analytic functions F1,F2: V ~ C with F2 ~ 0 and F/V = F1/F2. | 
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In the special case where B is merely the complex numbers C then these func- 

tions are the more familiar complex  va lued  funct ions .  For a nice account of 

the definitions and basic properties of general analytic and meromorphic func- 

tions we refer the reader to [6], chapter IX. 

The main purpose of this section is to state a version of the Bochner Tube 

Theorem, a theorem which describes the analytic domain of functions of N + 1 

complex variables. 

BOCHNER THEOREM: Let G(w0, . . . ,  WN ) be a function of N + l complex variables 

(Wo,...,WN) �9 C N+I  

(iV >_ 1) whose analytic domain U includes the "tubes" 

T1 = { (w0, . . . ,wg)  �9 cN+I: (T~(Wo),...,Ti(WN)) �9 K1}, 

T2 = { (wo, . . . ,wN)  �9 CN+I: �9 K2} 

(where T~(s) denotes the real part of s) for open neighbourhoods K1, K2 C RN+I 

with K1 N K2 # O, then U must also include the larger "tube" 

T = {(w0,.. . ,WN) e cN+I: (T~(w0),...,T~(wN)) �9 K}  

where 

K = { a k l + ( 1 - a ) k 2 : k l  E KI ,k2  E K2 and O < a < 1} 

is the convex hull of the K1 U K2. 

Remark: When B -- C this is the usual Bochner Tube theorem, and a nice 

reference is [13] (cf. [4] for one generalisation to arbitrary Banach spaces). The 

original proof of Bochner constructs the analytic extension by using the Cauchy 

theorem to express the coefficients of a power series (relative to Legendre poly- 

nomials) and then estimating the radius of convergence by bounds on the coef- 

ficients [3]. These techniques apply equally well where the coefficients are in an 

arbitrary Banach space. Alternatively, Eric Bedford has shown us a derivation 

of the Banach space valued result from the usual C valued version. | 

In the applications in this article, we shall want to apply the above theorem 

to certain special types of meromorphic function, as we explain below. 
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Given the tube 

T1 UT2 = { (w0 , . . . ,wg) :  (7r162 E Ki  U K2 C R N+I} 

consider a meromorphic function G(w0, . . . ,  WN+l). Assume that we can find an 

analytic (complex valued) function k(w0, . . . ,  WN) such that the product 

(k.V)(w0, . . . ,  wN) = 

is again analytic. (This may not always be true for general functions, and the 

presentation of arbitrary meromorphic functions on a given domain, in this form, 

is related to the Poincar~ problem [2], [9].) 

We can apply the Bochner Theorem to deduce that if T is the tube associated 

to the convex hull K of K1 U K2 then there exists an analytic extension k: T --* C. 

Similarly, the Bochner theorem gives that k.G has an analytic extension to T. 

Finally, we deduce that G = (k.G)/k has a meromorphic extension to the tube 

T. 

2. One dimensional  maps and the  transfer operator  

Consider a fixed map of the interval f :  I --* I. We shall assume that we can parti- 

tion I into intervals I = I1 U. . -  U Ik (with disjoint interiors) on each of which the 

function f is continuous and monotone and that the partition is g en e ra t i n g ,  i.e. 
i oo oo 1 . oo _n I for any sequence ( n)n=0 E lln=0{ . . . .  k} the intersection N~=0 f ~ consists 

of at most a single point. Furthermore, let us make the following assumption on 

the map f :  I --~ I. 

Assumption on the map f :  Assume that f :  I --~ I has the following simple 

growth estimate 

N := limsup (#F ix ( fn ) )  1/~ < +co 
n~oo 

where F ix( f  n) denotes the fixed points for fn .  

This condition will hold for a dense family of smooth maps on the interval (cf. 

[10], p. 508) and any polynomial map of degree deg(f)  _> 2 (where N _< deg(f)) .  

Consider a fixed (bounded) function g: I ~ •+ which is continuous on each of 

the intervals Ii, i = 1 , . . . ,  k. 

Growth functions: We can introduce the following growth functions: 

n--1 ) 1/n 
O(g) = limsup sup I I  g( f ' x )  , 

n~oQ \ x E I  i=0  
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and 

~-1 )) 1/~ 
~3(g) = l imsup sup N g(f ix 

n ~ o z  \ x e F i x ( / ~ )  7_-3 

n--1 ))l/n 
p(g) = l imsup sup ] l  g(fix , 

, ~  \xeP~ 

where we fix some point x0 E I and denote Pn(xo) -- {x: f'~x = x0}. It  is 

immediate from these definitions that  O(g) is larger than either 3(g) or p(g). 
In the study of interval maps, two important  tools are the following. 

Definition: 
(a) For complex variables z, s E C we define a z e t a  f u n c t i o n  by 

~(z, s) = exp ) n = l  ?~ E gS(fiX) 
xEFix(f ~ ) 

(the domain of analytic convergence being non-trivial in all applications in 

this article.) 

(b) For a complex number s E (2 and a function k: 1 ~ (2 we define the 

R u e l l e - P e r r o n - F r o b e n i u s  o p e r a t o r  (or T r a n s f e r  o p e r a t o r )  by 

Lg~k(x) = E (g(y))S k(y). 
fy=x 

Remark: An important  special case to keep in mind is the choice g(x) = IDf(x)l. 
We will then be interested in using the approach in this article to study the value 

s = - 1 ,  since this is intimately connected with the existence and behaviour of 

a b s o l u t e l y  c o n t i n u o u s  f - i n v a r i a n t  m e a s u r e s .  We shall return to this point 

later. I 

We still need to specify an appropriate space of flmctions preserved by the 

operator, which in turn depends on the properties of the transformation f :  I --* I 

and the weight function g: I --* (2. For any function k: I ~ (2 we denote its 

supremum by Ikl~ = sup~c~ ]k(x)l and its variation by 



322 M. POLLICOTT Isr. J. Math. 

and write []kl[ = [k[oo + [k[sv. 

Assumption on g: We want to assume that  

(a) g is real valued with fig][ < +oo, and 

(b) [[gO][ < +00 for any a > 0. 

In part icular,  this implies tha t  ]0(g~ < N.[g~[oo < +c~. We shall henceforth 

assume this proper ty  without  further comment.  

Remark: Depending on the circumstances,  wc shall later want to assume one of 

the following addit ional  assumptions: (i) fl ( l / g )  < +c~; or (ii) p(1/g) < +00. 
| 

If we denote I~BV = {k: I ~ C: [[k[[ < +00}, then the space BBV can be 

shown to be a Banach space (with respect to the norm ]1 ][), and L~ preserves 

the space BBV. We let sp(Lg) denote the spect rum of this operator .  

The  e s s e n t i a l  s p e c t r u m  esp(T) of all opera tor  T: B --~ B on a Banach space 

B consists of those parts  of the spect rum sp(T) of T which are left after we 

exclude eigenvalues A E sp(T)  such that  

(i) A is an isolated eigenvalue; 

(ii) Range(A - T)  is closed; and 

(iii) [.J~~ Ker(A - T)  k is finite dimensional. 

The  e s s e n t i a l  s p e c t r a l  r a d i u s  of T: B --* B is given by 

p = sup{[zl: z e esp(T)}.  

The  following result is due to Baladi and Keller [1]. 

PROPOSITION 1: 

(i) The essential spectral radius of the operator Lg: BBV --+ BBV is bounded 

above by O(g) (and therefore for T~(s) > 0 the essential spectral radius of 

Lg,: BBv --+ BBV is bounded above by O(gT~(~)) ), 

(ii) For 7~(s) > 0 the reciprocal of the zeta function 1/((z ,  s) is analytic for 

1/[z[ > O(g n(~)) and the zeros in this domain occur at  the values z for 

which 1/z E sp(Lg,) .  

For T~(s) :> O, we can use Proposi t ion 1 to describe the meromorphic  domain 

of the resolvent of the operator  R(z, s) = (z - Lg,) - l  associated to Lg,. 
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COROLLARY 1.1: The operator R(z ,s)  associated to Lgs: BBV -+ BBV is 

meromorphic on the domain 

u = { ( z , s )  �9 Izl > and  > 0},  

Moreover, the singularities occur precisely at those values (z, s) such that z E 

sp(Lgs) and we can write R(z ,s)  = ( (1 / z , s )N( z , s )  where N(z , s )  E 

L( BBv , BBv  ) is analytic. 

Proof: These conclusions follow from the series expansion of R(z,s)  = 

(z - Lgs) -1 being meromorphie on the domain U. We observe that  O(g s) = 

0(g) n(s), which is immediate from the definitions, to deduce the domain of R(z, s) 

from Proposition 1. I 

For any fixed function F E BBv,  the map (z, s) --~ R(z, s)F E BBV is mero- 

morphic on the domain U. Moreover, the singularities may only occur at those 

values (z, s) such that 1/z E sp(Lgs) and we can write R(z, s)F = ~(1/z, s)g(z, s), 

where (z, s) --* g(z, s) = N(z,  s)F E BBV is analytic on this domain. 

Our reason for considering the image vector R(z, s )F  rather than the full op- 

erator R(z, s) is easily explained. It is too restrictive to require that  R(z, s) is 

a linear operator on BBV (for values Ti(s) _< 0), and it is more reasonable to 

consider the more general situation that for a fixed element F E BBv the image 

R(z, s )F  is still in LI(I ,  dx) (for suitable values of z and s). 

PROPOSITION 2: Assume that g satisfies: 

(i) f L(1/g)Gdx = f Gdx, VG E BBV; 

(ii) there exist constants C > O, e > O, and 0 < ~/ < 1 such that 

rI1 (~)  (fix) e f <_ CV n, >_ O, dx Vn and 
i=0 

(iii) fl(1/g) < 1. 

Then, for any F E BBV we have that (z, s) --* R(z, s)F is meromorphic on the 

region defined by 
{ [l~(s)l ~ "~ 

(a) Izl > rain U '  1+, ',fl(1/g) I (s)l/;and 
(b) - (1  + e) < 7-4(s) < 0. 

Proof: For convenience, we shall assume that 7(~-~ -7) > fl(1/y), the other case 

being similar. 
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We begin by considering the formal expansion 

z - Lg~ _1(1)_ 
z 1 - �88 F 

~ 1 

-~ E an zn.j_l n=0 
where an = L~F �9 LI(I, dx). Notice tha t  we can write 

/ ,an,dx = / ,L~.F,dx 

/ L n  n(.) ]Fldx < 
- (g ) 

(2.1> =iL~(~'(~)(ffx)) 

hi=O (~I1 (~) ) -(l+.(s)) <_ IS]o~ / il~/a (fix) 

If we assume 0 < d := - ( 1  + 7~(s)) < e we can bound 

dx. 

(l~ T) [Y+ l['x > [yl l~ (~ a n d - ( l + e ) < y < - l } .  

where 

K1 = { (x ,y )  �9 •2: x > 

using assumptions (i) and (ii) and the HSlder inequality. In part icular,  (2.1) and 

(2.2) together  show tha t  the map (z. s) ~ R(z, s)F taking values in tile space 

Ll(I, dx) is analytic on the domain [z[ > ~/m(8)+ir and - ( 1  + e) < T~(s) < - 1 .  

By the work of Ruelle we know tha t  the complex function ( ( l / z ,  s)-1 is analyt ic  

on the domain  7~(s) < 0 and [z[ > 13 (1/g) In(s)l (cf. [15]). 

If we write z = e ~' we have tha t  R(e TM, s ) F  and r - ~ ,  s) -1 are analytic on the 

tube  

T1 = {(w, s) e C2: (n(w),U(s))  �9 K1} 
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In particular, notice that this set contains neighbourhoods arbitrarily close to 

(x,y) = ( l og7 , - (1  + +)). 

We next consider a second domain. When 7~(s) > 0 we can apply Corollary 

1.1 to deduce that the function (z, s) --~ R(z, s)F E LI(I, dx) is meromorphic for 

iz [ > O(g)n(s), and takes the form R(z, s)F = ~(1/z, s) . N(z, s)F. In particular, 

we see that both ~(e -~ ,  s) -1 (by Proposition 1 (ii)) and N(e ~, s)F are analytic 

on the domain 

T2 = {(w, ~) e C2: ( n ( w ) , n ( s ) )  c K~} 

where 

K2 = {(x,y) E R2: x > log0(g)y and y > 0}. 

In particular, K2 contains neighbourhoods arbitrarily close to (0, 0). 

Finally, these two domains of analyticity can be connected by a tube with base 

Ka, say, corresponding t o - 1  < T~(s) < 0 and [z[ :> Igloo, since 

/ [an[dx <_ / L g~(.))[F[dx 

/ ( ] [ 1 (  1 ) 

\i=0 

_< IFI  ~ 

and we are assuming that Igl~ < +oc. 

-(l§ ) 
(fix) dx 

The domains T1 and T2 are both open tubes (and are connected via the 

tube corresponding to the domain K3, introduced for this purpose). Using the 

comments on meromorphic functions after the statement of the Bochner Thbe 

theorem, we can conclude that N(e w, s)F and ~(e -w, s) -1 are analytic, and thus 

the function R(e TM, s)F = ~(e -~, s)N(e ~, s)F is meromorphic, on a domain which 

includes the tube 

T = {(w, s) e c2: (n(w),n(s)) c K} 

where 

K =  (x,y) E]~2:x> \ l + e ] l y l a n d  - ( l + e ) < y < 0  . 

This corresponds to the domain described by (a) and (b) in the statement of 

Proposition 2. This completes the proof. | 
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Remark: (1) The analytic extension of ( (1/z ,  s) -1 by this method is due to 

Ruelle [15], and it was Ruelle's approach that inspired this proof. 

(2) In the special case where we take g = IDfl then we can use Fatou's lemma 

and the HSlder inequality to write 

liminf(1) I/n (/I )I/n 
~--.+oo [D]-(')[ dx _< liminf.__.+oo ~ d x  < 1. 

In particular, we deduce that  on a set of points x of positive Lebesgue measure, 

we have that 

0 I0 l imsup Df(n)(x  > 1. 

When the map f is unimodal and has negative Schwartzian derivative this condi- 

tion implies the existence of an absolutely continuous invariant 

measure [7, Cor. 2(1)]. 

(3) We chose to formulate the hypotheses of Proposition 3 in terms of the 

integral with respect to Lesbegue measure. However, it is clear that the results 

are also equally valid using another finite probability measure p (providing we 

then choose the function g so that  L*I/g]A = ]2).  

(4) In [8] and [17] the spectrum of Ruelle-Perron-Frobenius operators were 

considered, albeit by very different methods. The assumptions made in those 

papers involved either the Collet-Eckmann conditions, or estimates of Carlson- 

Benedicks for quadratic maps. Our approach is completely 

different from either of these. | 

THEOREM 1 (EXPONENTIAL DECAY OF CORRELATIONS): Let # be an absolutely 

continuous f-invariant measure, then we can write d# = hdx where h C L I ( I, dx ). 

For any F C BBv  and G with [G.h[oo < +oo we define the function 

a(n) = f C o f n . F d p  - ( /  Gdp)  ( /  F d # )  for n >_ O. 

Assume that 

(1) there exist constants C > O, e > O, and 0 < ~ < 1 such that 

i=o dx<_C'7 '~, Vn>_O, and 

(1) (2) 3 ~ < 1, 
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then for any 

there exist 01 , . . . ,  Ok E C (oEmodulus at least 77) and C l , . . . ,  ck E (2 such that 

k 

~(n) = ~ e, Or + o(~ ~1 
i = l  

a s  n ---+ + o o .  

Proo~ We shall denote g = IDf] and observe that  hypothesis (i) of Proposition 

2 is immediate. We can assume without loss of generality that  f Fd# = 0 and 

then we consider the following complex function: 

n=0  

n=o ~ L1/g(G o f ' .F)dx 

By the previous proposition we know that  this function is meromorphic for Izl > 

3A/0+~). In particular, this means that  for any 7/> 3 '(1/1+~) we can find constants 

01,...,0k E C which are poles for the resolvent R(z,s)F E Ll(I, dx). We can 

take the values e l , . . . ,  ck to be the corresponding residues of p(z) such that  

~(n) = ~ e~0r + o(~ n) 
i=1 

as n ---+ +co. | 

Under the same hypothesis we can also deduce certain central limit 

type theorems. (We can follow the t reatment  given in [11] and [12].) 

We know that  unity is an isolated maximal eigenvalue for L1/g. We shall 

make the additional assumption that  the eigenvalue is simple, with eigenvector 
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L1/ID/I h = h. The associated absolutely continuous invariant measure takes the 

form d# = hdx. For each n E Z + we define a distribution on • by 

Gn(t) = # { x  E I: l~ - n f l~  < t 

and we let 
_ 1 [ 

(21r)1/2a J _ ~  e-y~ /2~ N(t) 

denote the Normal Distribution on R (with variance 

d 2 log A(s) O-2-- 
~ 8  2 s=l ~ 

where A(s) is the perturbation of the maximal eigenvalue associated to L1/iDfls). 

The argument in [11] and [12] shows the following result. 

THEOREM 2: Let # be a f-invariant probability measure for a map f: I ~ I. 

Assume that 

(1) there exist constants C > O, e > O, and 0 < 7 < 1 such that 

/ 1 z I l (  1 ) ~dx < CT'~, Vn > O, and 
i = o  tDf- (x)l - - 

Then Gn(t) = N(t) + 0 (I/hi/2). 

3. Dis t r ibu t ion  of pre- images of  points  and periodic points  

Let us a fix a point x0 E I. We shall want to make the following standing 

assumption on pre-images throughout this section. 

Assumption on pre-images: Assume that 

( ~ )  ( ( ] 2 [ ' ( 1 ) ) ) l / n  
p = l imsup sup -~  ( f ix)  <+c~.  

n---*~ \ xEP~  \ i=0  

Remark: This hypothesis appears to be closely related to assumption (C1) in 

[5]. . 
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Definition: Given F E BBv, we can define (for variables z, s 

functions 
F(.) 

= Z 

and 
n--1 ) -s  

n=l x ~  P~ 

whenever they converge. | 

Notice that ~F(Z) = ~F(Z, 1) and that we can write 

E C) complex 

(3.1) 1 
- ( F ) ( x o )  

(1 - zL1/gs) 

Our main result on meromorphic domain of the function ~F(Z, s) is the following 

LEMMA 1: Let "~ = max (p(1/g), 13(I/g)), then the complex function ~lF(z, S) is 

meromorphic whenever 

(a) 7n(~)Iz [ < 1, 

(b) TO(s) > 0. 

In particular, the complex function ~lF(z) is meromorphic on the domain Iz[7 < 1. 

Proo~ Assume that M also gives an upper bound on the number of pre-images 

of f :  I --+ I,  i.e. s u p , e / # { ] - l ( x ) }  _< M. We first observe that  the series 

presentation of 71F(z, s) converges whenever 

Mp Izl < 1 and TO(s) > 0 

since, in particular, this implies that 

Izl lira sup ~ (fix) 
n ~ o o  xCP,~(xo)  \ i=0  

< 1 .  
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In particular, this gives that ~F(e ~, s) is analytic on the open tube 

log(M)+TC(s)logp(~) +7r and TO(s)>0. 

A similar argument (due to Ruelle, cf. [15]) shows that the complex function 

~ (z , - s )  -1 is analytic on the domain Hg/3(1/g) n(~) < 1 and 7r > 0, or 

equivalently, that ~(@o, _ s ) - I  is analytic on the domain 

log(N) + 7r ( ~ ) +  TO(w) < 0 and 7r > 0. 

Providing TO(s) < 0, we can use the identity 

,F(Z,S) = ~R ( ~ , - s ) F ( x o ) =  !~(z,-s)N (~ , - s )  F(xo) 

where both N(1/z,-s)F and z((z,-s) -1 are analytic on the domain 

]z]O(g) n(s) < 1 and 7r < 0, or equivalently g(e -~, -s)F and eW((e TM, - s )  -1 

are analytic for 

]7r log0(g) + 7r < 0 and ~(s )  < 0. 

(In particular, we see that this domain contains elements arbitrarily close to 

(n(z) ,  n ( s ) )  = (0, 0).) 

Applying the Bochner theorem to the two domains of analyticity for 

~(e ~, - s )  -1 we can extend the region of analyticity to include the tube 

7 r  + 7 r  and T~(s)>0,  

or equivalently, 1/~(z, s) is analytic for 13(1/g)n(S)lz I < 1, cf. [15]. 

Similarly, applying the Bochner theorem to the two domains of analyticity for 

N(e -~, -s)F we can improve the region of analyticity to include the tube 

7 r  + 7 r  and 7 r  

or equivalently, N(z, s)F E LI(I, dx)is analytic for p(1/g)Tr H < 1 and 7~(s) > 

0. 

Together with the identity ~F(Z, s) = ~(z , -s)N(1/z , -s)F this completes 

the proof of the lemma. | 
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Definition: We define Po E ]R by 

limsu  ( .Eoii 
Assume that  e-P~ < 1 and F > 0, then by Lemma 1, ~F(Z) is meromorphic 

in a neighbourhood of z = e -p~ Moreover, by Pringsheim's theorem applied to 

yv(z)  we see that  z = e -P~ is a pole (of finite order k _> 1, say). 

We now come to a result on the distribution of pre-images. 

THEOREM 3: Assume that e-P~ < 1 and F E BBV then there exist 

(i) constants C~ E C (i = 1 , . . . , g )  and wi E C, with Iw~[ = 1 (i = 1 , . . . , g ) ,  

(ii) positive integers ki (i = 1 , . . . ,  N), 

such that 

F(x)  eP~ E Ci~ (n 
E (1-i,%1g(S,x)) x,=, xeP.(xo) n! ] " 

Proof'. We can assume, without loss of generality, that  F > 0. By the preceding 

comments, we know that  y f ( z )  is meromorphic for [z[3' < 1, analytic for [z[e Po < 

1 and has at least one pole on the circle [z[ = e -p~ Assume that  the poles on 

this circle occur at the values z 6 C which satisfy zeP~ = 1, then we can write 

N 
R/ 

,F(z)  = E (1 -- zePowi) + A(z) 
i----1 

where A(z) is analytic on a neighbourhood of {z E C: [zJe P~ < 1}, and the 

constants R~ = Ri(F)  are linear in F. Using the elementary expansions 

1 ( - 1 )  k' + ~  
(1 - zePowi) kl - ( ~ = i )  E zn(ePwi)n+k' (n +n!ki)! 

n~O 

we can express r/F(Z) +oo = ~n=O a~ z~ + A(z) where 

i = 1  ' n !  " 

By comparing this expansion with the definition of rlF(Z) we can deduce that  

P(x) 
an '~ E n-1 " 

�9 eP (xo) I L o  g(I 
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This is the required form. | 

To approach the problem of the distribution of periodic points we need to first 

introduce a slight generalisation of our definition of a zeta function. 

Definition: We define 

~(z,s, sx)=exp ( )  z"ln E "-'g(S'x) 
n----1 xEFix(f '~) 

with complex variables z, s, sl and a function F: I --* C of bounded variation, 

and we write F(n)(x) n-1 = E~=o F(fix) �9 ' 

Given such a function F: I ~ R of bounded variation we define the xi function 

n--1 / --s 

n = l  xEFix(f ~) 

and we write ~F(Z) := ~F(Z, 1). 

Observe that 
d 

~v(z, s) = T~I (log r s, sl))Isl=o 

and that  since 

0 -1 l imsup E iIIo 9(fix) < - N ~ ( ~ )  ~(s) 
n--*ov xEFix(f, ~ ) .= 

we know that 1/((z, s, sl) is analytic on the domain 

(z,s, Sl) ~ C3: IzlN3 3 < 1 . 

A second result on the analytic domain of r s, sz) is given by the following. 

LEMMA 2 (Baladi-Keller): The associated zeta functions ~(z, s, sl) satisfy that 

1/ ~ ( z, s, S l ) are analytic on the region 

[z[O(g)lTe(s)lO(eF) -[Te(sl)[ < 1 

providing T~(s) < O; cf. [1]. 
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Remark:  We needed to assume that T~(s) < 0 in order that we know that  

g-S: I ~ R is also a function of bounded variation. This is a necessary hypothesis 

for the Baladi-Keller approach. I 

Applying the Bochner Theorem to these two domains for ((z,  s, sl) we can 

deduce the following result. Since the proof is completely analogous to that of 

Lemma 1 we prefer to omit it. 

LEMMA 3: r S, 1) is analyt ic on a neighbourhood of  the domain 

{ } (s ,z)  E C2:[z[3 < 1 , 

and, moreover, ~v(z, s) is meromorphic  on the same domain.  In particular, ~F( Z ) 

is meromorphic  on the domain {z E C: Iz[j3(1/g) < 1}. 

The results above have immediate consequences for the distribution of periodic 

points. 

Definition: We define/~ E ]R by 

e P' = lim sup 
~ "-'-+ "~- OO 

E II (s ix) 
zEFix(f '~) i=0 

THEOREM 4: There exist  

(i) constants  Ci E C (i -- 1 , . . . , N )  and wi E C, wi th  [w{[ = 1 (i = 1 , . . . , N ) ,  

(ii) posi t ive integers ki (i = 1 . . . .  , N ) ,  and 

(iii) a posi t ive  linear functional  L: BBV ~ C 

such that  

Z o-1 , L(F)EC, :(n . 

The proof of Theorem 4 is completely analogous to that  of Theorem 3, and 

therefore we shall omit the details, 
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4. The  existence of elgenfunctions 

We can now relate the analysis in the preceding section to the existence of certain 

eigenfunctions for the Ruelle-Perron-Frobenius operator. 

PROPOSITION 3: Assume that 
(i) there exists a probability measure p such that f L(1/g)Gdp = f Gdp, VG E 

BB V, 
(ii) there exists e > 0 such that 

/ \i=o(rll(~)(fix)) r f o r n > 0  

for some constants 0 < 7 < 1 and C > 0, 

(iii) fl(1/g) < 1, and 

(iv) e p max (fl(1/g), @/'+*) < 1 for some P > 0, 

then z --* R( z, -1 )1  E L ~ ( I , dp ) has a meromorphic extension to a neighbourhood 
of z = e - P .  I f  z = e - P  iS a pole, then there exists an eigenfunction h E LI(I, dp) 
with eigenvalue e -P. 

Proof: By the proof of Proposition 2, we know that z ~ R(z,-1)1 E L~(I, dp) 
has a meromorphic extension to a neighbourhood of z = e -P. We can then write 

that 
h 

R(z,-1)1 - (z - e-P) k + A(z), 

for some k > O, where z ~ A(z) E Ll(I, dx) is analytic in a neighbourhood of 

z = e -P. In particular, we observe that 

R(Z'--I)= (z__lln/g)  

\ u(n= ~ 1 L, ~ 1/g) (1) 

( 1 Ln ~ = l + l L 1 / g  ~=oz--s 1/gJ(1)  

= 1 + 1L1/g (R(z,-1)(1)).  
Z 

Therefore, in a neighbourhood of the pole at z = e - P  we have that 

h 1 L1/gh z 1L1/gA(z) 
(z - e-P) k + A(z) = 1 + z (z - e -P)  k + 
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and compar ing  these singularities at z = r  we see tha t  L1/gh = e-Ph.  This 

gives the required eigenfunction. | 

Application: Absolutely continuous invariant measures. We want  to relate Pro- 

posit ion 3 to the existence of a measure  v on the interval I which is 

absolutely continuous wi th  respect  to Lebesgue measure.  In par t icular ,  this 

means  tha t  we can find a function h 6 LI(I ,  dx) such tha t  dv/dx = h. 

There  is a well-known simple condit ion for the existence of such a function h. 

This  is precisely tha t  for the choice g(x) = IDfl and s = - 1  in the definition of 

the t ransfer  opera to r  we have tha t  there exists a (positive) eigenfunction h for 

the eigenvalue 1 (i.e. L1/iDfl h = h) [5]. If  we have tha t  for these choices 

(i)  e - P  = 1, and 

(ii) there exists e > 0 such tha t  

i r a '  ' x~=o dx < C~i n, for n _> 0 

for some choice 0 < 7, < 1, 

then Proposi t ion  3 (with dp = dx) guarantees  the existence of an eigenfunction, 

and thus of an absolutely continuous invariant measure.  

A very detailed account  of the existence and ergodic proper t ies  of absolutely 

continuous invariant  measures  for interval maps  is given in [7]. 

A p p e n d i x :  C k M a r k o v  m a p s  

Consider the case where we make the following a l ternat ive  assumpt ions  on the 

m a p  f :  I ~ I :  

(a) it is Markov (with respect  to the intervals of monotonici ty) ;  and 

(b) it is uni formly expanding (i.e. infxel  ]Df(x)l >_ ~, for some A > 1); 

(c) the function g and the m a p  f are bo th  C r , for some r _> 1, on the intervals 

of monotonici ty.  

For any C r function k: I ~ C we denote Ik]~ = supz61 IDif(x)l,  for i = 

1 , . . . , r ,  and let Ilfl] = I f l ~  + Ill1 + " '"  + ]fir .  If  we denote Bc~ = 

{f :  I ~ C: llfll < +cx~}, then the space B c .  is a Banach  space (with respect  

to the norm I1.11), and Lg preserves B. For this opera to r  it is known tha t  the 

essential spectra l  radius of the opera tor  Lg: Bc .  ~ Bc~ is bounded  above by 

~c~ l imsuPn-- .+~ r -  1 1/n (cf. [16] o r  [14]). The  following result  applies to the 

function (z, s) -~ R(z, s) = 1/(z - Lg,) acting on Bc , .  
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PROPOSITION A: Assume  that  F C C ~ .  

pendent  o f  r such that  the map  

(z ,  s)  ~ R ( z ,  s ) t  - - -  

is meromorphic  providing 

In particular, 

Proof: We shall first establish that 

M. P O L L I C O T T  Isr. J. Math. 

There exists a constant C > 0 inde- 

1 
F E B B v  

z - Lg. 

Izl > (C 1/2~ "~ ~ ~(~) 0(g)] and 2 r > T ~ ( s ) > O .  

the essential spectral radius of Lgs: BBV --+ BBV Js at mos t  

1 
(z, s) --, - - F  E BBv 

z - Lg~ 

is meromorphic (in a suitable sense) on two regions, and then use the Bochner 

Tube Theorem to complete the proof. 

To describe the first region we recall that if T4(s) _> 2r then IV(X)18 = (g(x)2) s/2 

is C 2r-1, thus we begin with this restriction. It is easily deduced from the above 

comments on the essential spectral radius that the operator 

1 
R ( z , s )  - - -  E L ( B c ~ , B c ~ )  

z - -  L g ~  

is meromorphic whenever Izl > e P(Tr los Igl)/A2r-1 ' and takes the form 

(where ~(1/z, s) and N(z, s) are analytic). Using the upper bound 

n 1 / n  e P(n(8)l~ = limsup InMlloo _< g (0(g)) n(*) 
n--*or 

we know that R(z ,  s) = ~(1/z ,  s ) N ( z ,  s) is meromorphic whenever 

and thus under the stronger hypotheses 
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(i) Iz I > C and 

(ii) 7r E (2r, 2(r + 1)), 

where C > 0 is a constant independent of r. 

We can now consider a second region given by considering the operator acting 

on the larger space of functions of bounded variation. In particular, this implies 

that 
1 R(z, s) - - -  E L(BBv, BBV) 

Z - -  L g ~  

is meromorphic in the region ]z I > ~(g)n(s), provided 7r > O, and takes the 

form 

R(z, s) = r188 s)N(z,  s), 

where N(z, s) E L(Bc~, Bc~) is analytic (by Proposition 1). 

If we introduce the change of variable z = e w, then these domains of analyticity 

for r -w, s) and N(e ~, s )F  E BBv can be described by the tubes 

T1 = {(w,s) E C2: ( n ( w ) , n ( s ) )  E /x',} 

where K1 = Ur~ 1 K[  and 

K[ = { (x,y) E lR2: x > logC + log ( O~) ) y and y E (2r, 2(r + l)) } 

and 

where 

= {(w, s) e C2: (n(w) ,n(s ) )  E K1} 

K2 = {(x,y) E •2: x > (logO(g))y and y > 0}. 

Observe that  the domain K1 has points arbitrarily close to 

(log(C) +log (0(_~) 2r, 2 r ) fo r  each r > 1 and also that K2 has points arbitrarily 

close to (0, 0) E R 2 . 

We now see that,  for any r _> 1, the convex hull of K1 U K2 contains the set 

K =  (x,y)  E C 2 : x >  \ 2r + log  y a n d 2 r > y > 0  . 

It follows from [15] that the complex function ( ( l / z ,  s) is analytic on the asso- 

ciated tube. By our observations on meromorphic functions in connection with 
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the Bochner Tube theorem, we conclude that  R(z,  s )F E BBv is meromorphic 

on the tube 

T = {(w,s) �9 C~: ( ~ ( w ) , n ( s ) )  e K},  

(s, w) E T. This corresponds to the domain described in the statement of the 

Proposition on letting r tend to infinity. II 

COROLLARY A.1 : For F E BBV the map 

1 
z ~ - - F  E BBV 

2 - -  L 9 

is meromorph ie  0,2 the domain  Izl > 
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